We give an application of our earlier results concerning the quasiconformal extension of a germ of a conformal map to establish that in two dimensions the equipotential level lines of a capacitor are quasicircles whose distortion depends only on the capacity and the level. As an application we find that given disjoint, nonseparating and nontrivial continua E and F in C = C ∪ {∞}, the closed hyperbolic geodesic generating the fundamental group π 1 Ĉ \ (E ∪ F)
Introduction.
A capacitor, sometimes called a condenser, is simply the complement of a pair of disjoint continua E, F ⊂ C. We assume E and F that E and F do not separate in C (and so are cellular continua). The conformal capacity of Ω =Ĉ \ E ∪ F is defined as Cap(Ω) = inf
where the infimum is taken over all admissible functions u, this means that for z ∈ E, u(z) = +1 and for z ∈ F, u(z) = −1. It is well known that there is a unique extremal function u which attains the infimum for the variation problem at (1) . The physical interpretation is to consider charging E and F with opposite total charge (although this does not matter) which equidistributes on E and F. The extreme function u for (1) is harmonic and the maximum principle shows −1 < u < 1 and the level lines (or circles) of u are the equipotential lines of the electric field. As a well known example the capacity of the annulus A = A(r, R) = {z : r < |z| < R} is Cap(A) = log R/r and the extremal function is u(z) = 2 log |z|/r log R/r − 1. If E and F are finite points (and when suitably interpreted) the line u = 0 is the perpendicular bisector and all other level lines are circles. But it is not always the case that some equipotential line is a circle. The main result of this article is to establish that this is always the case up to a global deformation of bounded geometry -that is a quasiconformal mapping. We now define these mappings.
A homeomorphism f : Ω → C in the Sobolev class f ∈ W 1,2 loc (Ω, C) of functions with locally square integrable first derivatives is called quasiconformal if there is a 1 ≤ K < ∞ for which f satisfies the distortion inequality
Here D f (z) is the Jacobian matrix and J(z, f ) its determinant. If such a K exists, we will say that f is K-quasiconformal. The modern theory of quasiconformal mappings can be found in [1] . Such mappings have the basic property of "bounded distortion" as they take infinitesimal circles to infinitesimal ellipses -conformal mappings have no distortion (K = 1). The distortion inequality (2) actually implies the improved regularity
A K-quasicircle is the image of the unit circle under a quasiconformal mapping of C. These Jordan curves have very many nice geometric properties -for instance the Ahlfors bounded turning condition. A Jordan curve α is a quasicircle if and only if there is a constant C with the following property. Each pair of points z, w ∈ α separates α into two components, α + and α − and
There are many other equally important criteria and these are catalogued in the book of Gehring and Hag, [5] .
2 Results.
Theorem 1 Let Ω =Ĉ \ E ∪ F be a capacitor and u the extremal function for (1) . Then the level curve {z : u(z) = a} is a K a -quasicircle and
There is a clear consequence here. Given a simple closed curve α in Ω we can define
It is not difficult to see that Cap Ω (α) = ∞ if and only if α is either homotopically trivial, or homotopic to an isolated boundary point. In each case there is a round circle in the homotopy class of α in Ω. If Cap Ω (α) < ∞, we can apply Theorem 1 to the a = 0 level line for any doubly connected domain D ⊂ Ω as above and use the elementary compactness properties of quasiconformal mappings to obtain the following theorem.
Theorem 2 Let α be a simple closed curve in a planar domain Ω. Then there is a K-quasicircle homotopic to α with
There is an obvious candidate for the quasicircle given to us by Theorem 2 and that is the hyperbolic geodesic in the homotopy class of α, should Ω admit a hyperbolic metric. It is generically true that for planar domains that there there is a simple closed hyperbolic geodesic in the homotopy class of a nontrivial simple closed curve, the exception occurring when there are isolated points in the boundary. We are able to establish the following theorem.
Theorem 3
Let Ω be a planar domain with a hyperbolic metric and α a simple closed geodesic of length . Then α is a K-quasicircle and
This estimate is nontrivial for all lengths ≥ 0 and has nice behaviour as → 0, but is exponential in (roughly e /2 ) for large . This behaviour seems incorrect and perhaps an artefact of the method of proof here which is based on collaring theorems for torsion free Fuchsian groups. For doubly connected domains Ω, Theorem 1 and Theorem 2, together with the length formula at (12) below, give a better bound.
Theorem 4
Let Ω be a doubly connected planar domain with a hyperbolic metric and α the simple closed geodesic of length . Then α is a K-quasicircle and
3 Example.
Before proving Theorem 1 it is tempting to discuss a conjectured extremal mapping. In view of the extremal mapping for quasicircles identified in [8] which approximates the situation here when one of the continua degenerates we expect that the extremal domain is a twisted Teichmüller domain given by deleting vertical and horizontal segments. Thus set
The uniformising mapping A(r, 1/r) → Ω is a hyperbolic isometry effected by the conformal transformations
Here E r is the ellipse for which the sum of the lengths of the major axis and minor axis is r 2 . The map E r → D is a Riemann map, given by
where J S N is the Jacobi elliptic sine function and π 4
Here K and K are the elliptic integrals of the first and second kind. This is illustrated below when r = √ 2. 4 Proof of Theorem 1.
The domain Ω =Ĉ \ E ∪ F is doubly connected, has a single conformal invariant and is therefore conformally equivalent to the annulus A(r, 1/r) = {z : r < |z| < 1/r} where r is chosen so that the conformal capacity of Ω is Cap(Ω) = log r 2 . The extremal function for A(r, 1/r) is
and so the extremal function for Ω is v = u(ϕ), where ϕ : Ω → A(r, 1/r) is the (unique up to rotation) conformal mapping.
To complete the proof we will subsequently establish the following two theorems.
Theorem 5 Let v be the extreme function for the capacitor Ω. Then the equipotential line {v = 0} is a K 0 -quasicircle and
Theorem 6
Let v be the extreme function for the capacitor Ω =Ĉ \ (E ∪ F). Then for −1 < a ≤ b < 1, there is a K ab -quasiconformal mapping f :Ĉ →Ĉ with f |E = idenity and f |F = identity and which takes the equipotential line {v = a} to the equipotential line {v = b} and has distortion
Now if we put b = 0 we obtain f :Ĉ →Ĉ with f ({v = 0}) = {v = a} and f is quasiconformal with distortion K = max . Since {v = 0} is a quasi circle with bound given by Theorem 2 the result will follow.
Proof of Theorem 5
This proof is based on some arguments in earlier work with Klen (see [6] ) concerning the quasiconformal extension of a holomorphic germ and it significantly sharpens an earlier result in [8] . It is in the spirit of [4] where David, Semmes and the author show the euclidean bisecting curve {z :
The equipotential line γ = {v = 0} ⊂ Ω is a smooth Jordan curve (possibly including ∞) and bounds two simply connected regions Ω + , containing E, and Ω − containing F. Further γ = ϕ −1 (S). Let ψ : Ω + → D be a Riemann mapping. Then the mapping η = ψ • ϕ −1 : A(r, 1) → D \ ψ(E) is conformal and has η(S) = S when extended via the Carathéodory theorem. Thus (D \ ψ(E), η −1 ) is a holomorphic germ for the quasisymmetric mapping g = η|S : S → S. Then according to [6, Theorem 3 .1] the quasisymmetric mapping g has a K-quasiconformal extensioñ η : D → D,η|S = g, to a self map of the disk with the distortion bound
Actually β 0 is the modulus of the Teichmüller ring
and this result is sharp in the sense that the constant 4β 0 cannot be replaced by a number less than 1. If more information is known -for instance if the capacity is known to be large -then better estimates are given in [6] and we will use these later, see (16). Now ψ −1 •η : D → Ω+ is quasiconformal with the bound at (7) and
with distortion bound at (7) and agrees with ϕ −1 on the boundary. In the same way we may construct f − : Ω − → C \ D with the same distortion bound and also agreeing with ϕ −1 on S. It is a moments work to now see that f :Ĉ →Ĉ defined by
is K-quasiconformal with distortion bound given at (7). Finally we note that
and this completes the proof.
When we equip Ω with the hyperbolic metric, the level line α = {v = 0} above is actually the hyperbolic geodesic generating the fundamental group of Ω as ϕ is a hyperbolic isometry and S is the hyperbolic geodesic generating the fundamental group of A(r, 1/r). We therefore have the following corollary.
Corollary 1 Let E and F be nontrivial disjoint continua inĈ = C ∪ {∞}. Endow Ω =Ĉ \ (E ∪ F) with a complete hyperbolic metric. Then the closed hyperbolic geodesic generating the fundamental group π 1 Ω Z is a K-quasicircle separating E and F with explicit distortion bound
Notice that this distortion bound has reasonable behaviour as Cap(Ω) → ∞ and Cap(Ω) → 0. It seems likely that the asymptotics are correct and that the constant 8β 0 cannot be made smaller than 2.
An extremal problem
Here we want to study the following extremal problem for quasiconformal mappings. Let 0 < r < 1 and identify the quasiconformal mapping of smallest distortion for which f (A(r, 1/r)) = A(r, 1/r) and for r < s ≤ t < 1/r we require f (S(0, s)) = S(0, t). We can identify a lower bound by considering various moduli. The hypotheses imply that f (A(r, s)) = A(r, t) and that f (A(s, 1/r)) = A(t, 1/r).
Any K-quasiconformal mapping can distort capacity by at most a factor K and hence any mapping with these properties must have distortion K ≥ Cap(A(r, t)) Cap(A(r, s)) = log(t/r) log(s/r) = log t − log r log s − log r
K ≥ Cap(A(t, 1/r)) Cap(A(s, 1/r)) = log(tr) log(sr) = log t + log r log s + log r (10)
Indeed it is well known that the extremal quasiconformal mappings between round annuli are the power mappings (r, θ) → (r α , θ), α > 0, after suitable normalisation, and that these mappings are uniquely extremal up to a rotation. Thus there is a map which effects both (9) and (10) and this radial mapping has the same boundary values on the common boundary S(0, t) and further, this mapping is the identity on S(0, r) and S(0, 1/r) so that these bounds are both achieved. This establishes the next theorem.
Theorem 7 Let 0 < r < 1 and r < s, t < 1/r. Then there is a K-quasiconformal homeomorphism f : A(r, 1/r) → A(r, 1/r) such that f |∂A(r, 1/r) = identity, f (S(0, s)) = S(0, t) and K = max log t − log r log s − log r , log t + log r log s + log r Such a mapping is unique up to rotation and has minimal distortion among all quasiconformal homeomorphisms irrespective of the boundary values.
Proof of Theorem 6
Recall that the extremal function for Ω is the composition v = u(ϕ) where u(z) = log(|z| 2 /r 2 )/ log(1/r 2 ) − 1 and ϕ : Ω → A(r, 1/r) is conformal. The level curve v = a is therefore mapped by ϕ to the circle where u = a and this is the circle of radius r −a . Next, by Theorem 7 there is a K-quasiconformal self mapping f of A(r, 1/r) which is the identity on the boundary, takes the circle of radius r −a to the circle of radius r −b and has distortion at most
Now suppose that the boundaries of E and F are smooth Jordan curves. Then the map ϕ extends continuously and homeomorphically to the boundary ∂Ω = ∂E ∪ ∂F → ∂A(r, 1/r). Then the mapping h = ϕ −1 • f • ϕ : Ω → Ω (here f is as given by Theorem 7) extends continuously to the boundary as the identity, takes the level curve {v = a} to the level curve {v = b} and is K-quasiconformal, with K as at (11). We can therefore extend this mapping to the extended complex plane by setting h(z) = z for z ∈ E ∪ F and observe that h remains K-quasiconformal. Now an arbitrary non separating continua E can be approximated by a smoothly bounded disk D E , with E ⊂ D E , in the Hausdorff topology. The family of quasiconformal self maps ofĈ that we obtain from the above argument with approximates D E, and D F, all have a uniform distortion bound, all are the identity on E and F, and therefore this family does not converge to a constant inĈ \ {z 0 } for any point z 0 ∈Ĉ. The compactness properties of quasiconformal mappings now provides us with a limit K-quasiconformal mapping which has all the desired properties to complete the proof once we further observe that the corresponding conformal maps will converge locally uniformly onĈ \ (E ∪ F) and so for fixed a and b the limit level curves will be the level curves of the limit.
Hyperbolic Geodesics
The hyperbolic metric density of the annulus A r = A(r, 1/r) can be found in [3,
From this formula we compute that the length of the geodesic circle {|z| = 1} is
The length of the geodesic generating the fundamental group of a doubly connected hyperbolic region uniquely determines the conformal equivalence class. Next, we are going to establish a consequence of a result of A. Beardon. This result is stated in his book in terms of a universal constraint on the geometry of hyperbolic elements in a Fuchsian group and when reinterpreted we find the following theorem. Hyperbolic metrics are assumed complete and normalised to have constant curvature equal to −1.
Theorem 8
Let Ω be a planar domain with hyperbolic distance ρ Ω . Let α be a simple closed geodesic in this metric and let be the hyperbolic length of α. Let r and r 0 be defined by the equations r = e −π 2 / , r 0 = e −2π arccos tanh 2 /
Then there is a hyperbolic isometry h defined on the annular subregion A(r 0 , 1/r 0 ) ⊂ A(r, 1/r), with the hyperbolic metric of A(r, 1/r), into Ω so that h(S) = α.
Proof. The uniformisation theorem asserts that up to isometry we can realise Ω as the orbit space D/Γ of a torsion free Fuchsian group Γ acting as hyperbolic isometries of the hyperbolic plane D. The geodesic α lifts to a hyperbolic lineα in D which is realised as the axis of a hyperbolic transformation f with translation length . Since α is simple, the primitive hyperbolic f is simple and thus no translate of this axisα crossesα: that is for each g ∈ Γ either g(α) =α, or g(α) ∩α = ∅.
For each g ∈ Γ the element f g = g f g −1 is hyperbolic, has translation lengththe same f , and has axis g(α). The group f, g is nonelementary unless g ∈ f . Now [2, Corollary 11. 6 .10] asserts that for g f , 
If we choose δ 0 so that cosh(2δ 0 ) = 1 + 2/sinh 2 2 , then the bound at (13) implies that the neighbourhood C = C(α, r 0 ) = {z ∈ D : ρ hyp (z, α) < δ 0 } has the property that for all g ∈ Γ either g(C) = C or g(C) ∩ C = ∅. Thus C projects down to C/ f -an embedded annulus of hyperbolic radius δ 0 about α in Ω. As noted above, this annulus can be identified uniquely up to conformal equivalence (or hyperbolic isometry) as the neighbourhood of hyperbolic radius r 0 about S in A(r, 1/r). We will have proved the theorem once we solve the equation 
If is small, so the modulus of the annulus is large, then [6, Theorem 3] actually gives a better bound (which also applies to Corollary 1 if the capacity is large). We need log 1/r 0 ≥ 2β 0 for this, and after a little manipulation and simplification we achieve the estimate
